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Today Matroids

Stable
matching

MatroidsPartIisectont
Last time Minimum spanning tree

Goal output spanning tree T
forest of maximal size

FEET of minimum total weight
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Our approach greedy
sortbyweight
take any edge that

Kruskal
forms nocycle



Admits a significant generalization

let Ifm be a setsystem

invergoent b

I is setofsubsets
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e g Scheduling problem

Say a set is
independent if

it hasnooverlaps
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Cg forests in a graph graphicmatroid

independent if
HEI

Set system Sat'sties bet it
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Pretty mild

a
scheduling graphic



Set system satisfies ease if

you can always steal an item from

any laser independent set the
secret

S T E I Is it

SUSel EI for some et I

last class

scheduling X graphic

If both heredity and exchange hold

we call the set system I Cms

d matroid



Basis Maximal independent set

adding one more element creates a
dependence

Claim In matroids we have that

15 Th r for all bases S T
rank

Proof Suppose otherwise for contradiction

IS K ITI Exchange

Is U felt I S not maximal

Basis selection each eelm
has weight

mint Bt my
sis basis

AS ZesWe too



Claim Suppose I satites heredity
Then greedy optimal ift exchange

Prout k

pigmentSortCon byweight

Forceca
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Return F

Theproofis identical to MST
Suppose ALG no longer optimal after k steps
Exchange t moreweight We're optimal

less weight wewould have taken

See lecture notes for a

reference in Erickson



Application 1 Ransout grey

Scheduling greedy by weight notoptimal

Application 2 featurselctoninML

Represent data as vectors a ER

Features linear measurements of data

A ai I ai e Ram

Atx b
data feature

e's Pixel values

siggurement



Aside Linear independence

Wesay V E R is linearcombination

of di item I A if Ae V

1 a it
Cid that cm a

redundant

hint

If AC O AGO We say A linearly indesavat

Key concepts rank A max columns that
are linearly independent

Span A all linearcombinations Ac

rank A dimension of span A



Claim linearly independent vectors matroid

Proof Hereat Act 0 if Cto

A S Cs to if Cs 0

Exchange let A B independent

rankA Crank B

If no exchange A B
span AC Espin A

rank AC I rank A Crank B

Punchline greedy suffices for weighted

feature selection

e g Max I Wi
featureimportances

seems ies

AS independent feature diversity



h jobopenings Google Apple

Input Preference lists

a L V B L b a C

b r t p p c a b
L p 72 r a b C

Output Stable matching

aid b d

b B C P

Cir ar

unstable stable



What's the difference

b d unstable pair

b prefers h P

lbagy.myprefers b 7 a

Idea fix instability like inversions

Issue cycles
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by
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air c d aid a A
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i
Resident matches faculty hints etc

Nobel Prize in Economics 2012

f
ematch.us Aaaea 1Ja3aea

Me 0 in I t LEG

While I unmatched job L

at J in favorite applicant who resent

If a unmatched M E MU la L

Elif d prefers 2 to p carnet match

ME MI Ila BU AH
i p t t d reneged

Else int t 11 rejected



Return M

Runtime Algo ends when IMI n

IMI only grows So no list exhausted

Every ite pointer is grows ax

OR

IMI grows u x

Total Oca liner time

Correctness Perfect matching

Applicant a unmatched never offered

Unmatched h has not reached d

d's list

FILI



Stable matching

Suppose


